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COUPLED PAINLEVE III SYSTEM WITH AFFINE WEYL GROUP 

SYMMETRY OF TYPE 

YUSUKE SASANO 

Abstract. We find and study a six-parameter family of coupled Painleve III systems 
in dimension six with affine Weyl group symmetry of type D$ . We also find and study 
its degenerate systems with affine Weyl group symmetry of types and . 

1. Introduction 

In [T3l [H], we presented a 4-parameter family of 2-coupled Painleve III systems in 
dimension four with affine Weyl group symmetry of type Z) 4 . We will make non-linear 
ordinary differential systems with affine Weyl group symmetry of type D^ +2 (n > 2). 

In [TDJ [12], we succeeded to make (2n + 2)-parameter family of n-coupled Painleve VI 
systems in dimension 2n with affine Weyl group symmetry of type D^ +2 (n > 1) by 
connecting the invariant divisors Pi,qi — qi + i,Pi + i for the canonical variables (qupi) (i = 
1,2, ... ,n). These systems are polynomial Hamiltonian systems with coupled Painleve 
VI Hamiltonians given by 

dqi dH dpi dH . 
dt dpi ' dt dqi 



(1) 



1,2, 



n) 



with the polynomial Hamiltonian 



(2) H = ^H V i(qi,Pi,t]a$\ar, 



,a 4 



+ 



t)piq m ((qm -l)p m + a 2 

tit - 1) 



(m) >, 



8=1 l^l<m^.n 

where the symbol Hyi(x, y, t; ao, ai, ol<i, as, a 4 ) is given by 

H VI (x, y, t; a , a x , a 2 , a 3 , a 4 ) 
1 

(3) = ^ _ ^ [y 2 (x - t)(x - l)x - {(a - - l)x + a 3 (x - £)z 

+ a 4 (x - t)(x - l)}y + a 2 (ai + a 2 )x] (a + «i + 2a 2 + a 3 + a 4 = 1). 
However, in this case the iniariant divisors are different from the ones of Py/-case. 



Invariant divisors 
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fi 
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fs 
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Pvi 
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q — oo 
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q-l 
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2-CPIII 


Pi -I 


Pi 


gi<?2 - 1 


P2 


pi - 1 
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2 YUSUKE SASANO 

At first, let us consider D$ case. In this paper, we present a 6-parameter family of 
coupled Painleve III systems with affine Weyl group symmetry of type explicitly 
given by 

dx OH dy dH dz dH dw dH dq dH dp dH 
dt dy ' dt dx 1 dt dw dt dz 1 dt dp ' dt dq 

with the polynomial Hamiltonian 

x 2 {y - l)y + x{(a + a x )y - aj + ty 



H = 
+ 



t 

z 2 {w — l)w + z{(a + «i + 2a 2 + 2a 3 )w — a 3 } + tw 



t 

,2/ 



(5) q 2 (p - t)p + q{(a 5 + a 6 - l)p - ta 5 } + p 2yz(zw + q 3 ) _ 2(y + w)p 

t t t 

= H in (x, y, t; ai, a ) + H in (z, w, t; a 3 , a + «i + 2a 2 + a 3 ) 

& / - -i x , 2yz(zw + a 3 ) 2(y + w)p 
+ H in (q,p,t;a 5 , 1 -a 6 ) H • 

Here x, y, z, w, q and p denote unknown complex variables, and ao, oti, . . . , ae are complex 
parameters satisfying the relation: 

(6) a + ot\ + 2a 2 + 2a 3 + 2a 4 + a 5 + a e = 1. 
The symbols Hm, Hni are given by 

/ 7 x rr / , \ U 2 W(W - 1) +«{(7o + 7 2 )u-7o}+*^ / ,o , ^ 

(7) u, t; 7o, 71, 72) = (7o + 271 + 72 = 1), 

(8) H ni (U, V,t; 7o,7i,72j = • 

The relation between (it, v) and (U, V) is given by 

(9) (U,V) = (l/u,-u(vu + l0 )). 

We remark that for this system we tried to seek its first integrals of polynomial type with 
respect to x,y,z,w,q,p. However, we can not find. Of course, the Hamiltonian H is not 
the first integral. 

This is the second example which gave higher order Painleve type systems of type -Dg 1 ^. 

We also find and study its degenerate systems with affine Weyl group symmetry of 
types and Df\ In Df ] -case, each differential system with respect to all principal 
parts has its first integral. Nevertheless, the polynomial Hamiltonian itself is not its first 
integral (see Section 4). 

We give an explicit confluence process from the system, respectively. We will 
show that the system of type is equivalent to the system (see |15j ) by explicit 
birational and symplectic transformations with some parameter's changes (see Section 3). 
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2. The system of type D 
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In this section, we present a 6-parameter family of coupled Painleve III systems with 
affine Weyl group symmetry of type explicitly given by 

dx dH 2x 2 y + 2z 2 w — x 2 — (a + at\)x + 2a 3 z — 2p + t 
dt dy t 
dy dH —2xy 2 + 2xy — (ao + ai)y + cti 



dt dx 



t 



(10) ^ 



dz dH 2z 2 w + 2yz 2 - z 2 - (2a 4 - 1 + a 5 + a 6 )z -2p + t 

dt dw t 

dw dH —2zw 2 — 4yzw + 2zw — 2a 3 y + (2a 4 — 1 + a 5 + a e )w + a 3 
~dt ~ 



dz 



t 



dq _dH _ 2q 2 p - tq 2 - 2y - 2w + (a 5 + a 6 - l)q + 1 

dt dp t 

dp dH —2qp 2 + 2tqp — (a 5 + a 6 — l)p + ta 5 



, dt dq 
with the Hamiltonian 



Theorem 2.1. The system ( {TO]) admits extended affine Weyl group symmetry of type 
Dq as the group of its Backlund transformations whose generators are explicitly given as 
follows: with the notation (*) := (x, y, z, w, q,p, t; a , azi, . . . , a 6 ), 



so ■ 

51 : 

5 2 ■ 

53 ■ 
s 4 : 

s 5 : 

s 6 : 
7Ti : 
tt 2 : 



x + 



a 

y-i 



. V, z, w, q, p, t; -a Q , act, a 2 + a Q , a 3 , a 4 , a 5 , a 6 



x H ,y, z,w,q,p,t;a , -a u a 2 + «i, a 3 , a 4 , a 5 , a 6 

y 

Ct 2 OL2 

x,y , z, w H , q, p, t; a + a 2 , ai + a 2 , -a 2 , a 3 + a 2 , a 4 , a 5 , a 6 



x — z 



a; — z 



( a 3 \ 
[x, y, z H ,w,q,p, t; a , a>i,a 2 + a 3 , -a 3 , a 4 + a 3 , a 5 , a 6 , 

a 4 g a 4 z 

x, y,z,w -, q,p -, t; a , ai, a 2 , a 3 + a 4 , — a 4 , a 5 + a 4 , a 6 + a 4 

zg — 1 zq — 1 

a 5 

x, y, z,w,?H ,p, t; a , ai, a 2 , a 3 , a 4 + a 5 , -a 5 , a 6 

P 

a 6 

x,y,z,w,q^ -,p,t;a ,ai,a 2 ,a 3 ,a 4 + a 6 ,a 5 , -a 6 

p — i 

-x, l-y, -z, -w, -q, t-p,t; ai, a , a 2 , a 3 , a 4 , a 6 , a 5 ) 

p i (zw + a 3 )z x 

tq, -, -, t , -, ty, t; a 6 , a 5 , a 4 , a 3 , a 2 , ai, a 

i z t r 
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Figure 1. The figure denotes the Dynkin diagram of types and 
The symbol in each circle denotes the invariant divisors of the systems 
of types B [ 1\D [ P and . 

7r 3 : (*) -> (x,y,z,w,q,p -t,-t;a ,ai,a 2 ,a 3 ,a 4 ,a 6 ,a 5 ), 

7r 4 : (*) — > (-x, 1 - y, -z, -w, -q, -p, -t; a u a , a 2 , a 3 , a 4 , a 5 , a 6 ). 



The Backlund transformations of this system satisfy the universal description for 
root system. Since these universal Backlund transformations have Lie theoretic origin, 
similarity reduction of a Drinfeld-Sokolov hierarchy admits such a Backlund symmetry. 

Proposition 2.2. Let us define the following translation operators: 

:— 7T 1 S 5 S4S3S2SiSoSiS2S3S4S5, T 2 :— S4S 6 T 1 S 6 S4, 

(11) 

x ' rri rri rri rri rri rri rri rri 

^3 := s 6 iis 6 , i 4 := 7r 2 ii7r 2 , 1 5 := ir 2 l 2 ir 2 , 1-6 '■= n 2 l 3 7T 2 . 
These translation operators act on parameters on as follows: 



(12) 



Ti(a ,ai, • 


. . , a 6 ) 


=(a ,aii, • 


..,a 6 ) + (0,0, 0,0, 0,-1,1), 


T 2 (a ,a 1 , . 


..,a 6 ) 


= (a ,«i, • 


..,a 6 ) + (0,0, 0,1, -1,0,0), 


T 3 (a , ai, ■ 


. . , Ot Q ) 


= (a , ai, . 


..,a 6 ) + (0,0, 0,0, 1,-1,-1) 


T 4 (a , «i, . 


. . , a 6 ) 


= (a , a>i, . 


..,a 6 ) + (1,-1,0,0,0,0,0), 


T 5 (a Q , ai, ■ 


. . , a 6 ) 


= {a , a>i, . 


. .,a 6 ) + (0,0,-1,1,0,0,0), 


T 6 (a ,ai, . 


. . , a 6 ) 


=(at ,ai, . 


..,a 6 ) + (-1,-1,1,0,0,0,0) 



Theorem 2.3. Let us consider a polynomial Hamiltonian system with Hamiltonian 
H G C(t)[x,y, z,w,q,p\. We assume that 
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(Al) deg(H) = 4 with respect to x,y, z,w,q,p. 

(A2) This system becomes again a polynomial Hamiltonian system in each coordinate 
system Ti (i — 0, 1, 2, 3, 5, 6): 

r : x = 1/x, y = -((y - l)x + a )x, z = z, w = w, q = q, p = p, 

n : xi = 1/x, y x = -(yx + ax)x, z x = z, w x = w, q x = q, p 1 = p, 

r 2 : x 2 = ~((x - z)y - a 2 )y, y 2 = l/y, z 2 = z, w 2 = w + y, q 2 = q, p 2 = p, 

r 3 : x 3 = x, y 3 = y, z 3 = l/z, w 3 = -(wz + a 3 )z, q 3 = q, p 3 = p, 

r 5 : x 5 = x, y b = y, z 5 = z, w 5 = w, q 5 = 1/q, p 5 = -{pq + a 5 )q, 

r 6 : x 6 = x, y 6 = y, z 6 = z, w e = w.q 6 = 1/q, p 6 = -((p - t)q + a 6 )q. 

(A3) In addition to the assumption (A2), the Hamiltonian system in the coordinate 
system r 3 becomes again a polynomial Hamiltonian system in the coordinate system r^. 

r 4 : x 4 = x 3 , y 4 = y 3 , z 4 = -{{z 3 - q 3 )w 3 - a A )w 3 , w 4 = l/w 3 , q 4 = q 3 , P\ = p 3 + w 3 . 

Then such a system coincides with the system ffTOj) with the polynomial Hamiltonian ([5]) . 

We note that the conditions (A2) and (^43) should be read that 

rj (H) (j = 0,1,2,3,5), r 6 (H + q), r A (r 3 (H)) 

are polynomials with respect to x, y, z, w, q, p or x 3 , y 3 , z 3 , w 3 , q 3 , p 3 . 

Finally, we consider the rational and algebraic solutions of the system fflul) . 

At first, we consider the Dynkin diagram automorphism 7Ti. By this transformation, 
the fixed solution is derived from 

(13) 

x = —x, y = 1 — y, z = —z, w = —w, q = —q, p = t — p. 

Then we obtain 
(14) 

(«o, ax, ■ ■ ■ , a e ) = I - - a 2 - a 3 - ct 4 - a e , - - a 2 - a 3 - a 4 - a 6 , a 2 , a 3 , a 4 , a 6 , a e 



(x,y,z,w,q,p) = [ 0, -,0,0,0, - 



Next, we find two algebraic solutions: 
(15) 



. 1 — 2a 3 1 — 2a 3 

(a , ax, ■ ■ ■ , a 6 ) = — 7, — > °> °; a 3, 0, 0, — - — 



(x,y,z,w, 



6 

and 
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, . l + 2a 3 l + 2g 3 , 
(a , ai,...,a 6 )— U, , -a 3 , a 3 , -a 3 , , (J , , 



(16) 



{x, y, z, w, q, p) = (-Vi, 1, Vt, 



a 3 1 



2v^' y/t' 



3. The system of type B$p 

In this section, we present a 5-parameter family of coupled Painleve systems with affine 
Weyl group symmetry of type Bjp explicitly given by 



(17) 



dx 
~dt 
dy_ 
dt 
dz 
~dl 
dw 
~dl 
dq 
dt 
dp 



dH _ 2x 2 y + 2z 2 w + 2a x + 2a 2 z -2p + t 
dy t 
dH -2xy 2 - 2a y - 1 



dx t 
OH _ 2z 2 w + 2yz 2 + 2(a + ai + a 2 )z -2p + t 
dw t 

dH —2zw 2 — 4yzw — 2a 2 y — 2(a + «i + a 2 )w 



dz t 
dH _ 2q 2 p — tq 2 — 2y — 2w — 2(a + «i + a 2 + a 3 )q 

~dj ~ t ' 

dH —2qp 2 + 2tqp + 2(a + a\ + a 2 + a 3 )p + ta± 



dt dq 



t 



with the polynomial Hamiltonian 



x 2 y 2 + 2a xy + x + ty z 2 w 2 + 2(a + «i + a 2 )zw + tw 
H = 1 



t 



t 



(18) 



q 2 p 2 — tq 2 p + (a 4 + a 5 — l)qp — a A tq 2yz(zw + a 2 ) 2(y + w)p 



(i) 



#777 2a ) + Hi(z,w,t] 2(a + «i + a 2 )) 

2yz(zw + a 2 ) 2(y + w)p 



+ H 2 (q,p,t; a A + a 5 - 1, -a 4 ) + 



Here x, y, z, u>, g and p denote unknown complex variables, and a , a±, . . . , a 5 are complex 
parameters satisfying the relation: 



(19) 



2ao + 2a\ + 2a 2 + 20:3 + 0:4 + 0:5 = 1. 
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t 



The symbols Hj/j , Hi and H 2 are given by 

(21) 
(22) 



Hi(q,p,t;a) = 
H 2 (q,p,t;a,/3) 



(P + P 1 = l), 



q p + aqp + tp 
t ' 



q p — tq p + aqp + {3tq 
t ' 



. D (i) 

We remark that for y = q/r, t = r the Hamiltonian system with Hj/j is the special 

case of the third Painleve system (see [IT]): 



(23) 

with 

(24) 



d 2 y 1 / dy\ 2 1 dy 1 2 3 d 

1~2 = ~ \ t) ~ ~T~ + +o) + cy +- 

dr z y \dr J r dr t y 



6 = 4(1 -ft), c = 0, d=-4. 



From the viewpoint of symmetry, the Hamiltonian system 



dq dHfj 7 j dp dH^/j 
dt dp dt dq 



(i) 



(i) 



(25) 



has extended affine Weyl group symmetry of type A\ , whose generators < so,si,7r 
a o s\ > are explicitly given as follows (see [T7]): 



(26) 



So(q,P,t;0o,fli) = [q,p+(j-^,-t; -p ,Pi + 2(3 , , 



(-q+ — + \, ~P, -t) Po + 2ft, -A J 

V p p / 



si{q,P,t;p ,Pi) 



a(q,p,t;p ,Pi) = [tp, --, — *;/3i, A)) • 



Proposition 3.1. i?y the following birational and symplectic transformations tri (i 
1,2): 

tn(q,p) = (q/t,tp), 
tr 2 (q,p) = (-p/t,tq), 
the Hamiltonians Hi and H 2 satisfy the following relations: 



(27) 



(28) tn(#i 



g p + (a — l)gp + p 



tr 2 (H 2 



q p + qp — (a + l)qp + ftp 



t v ' t 

Here, for notational convenience, we use the same symbol q,p,a. 
By Proposition 13.11 we see that the Hamiltonian system with 

q 2 p 2 + (a — l)qp + p 



t 



has the first integral. 



8 YUSUKE SASANO 

Proposition 3.2. The system with the Hamiltonian K 1 

dq _ dKi dp _ _dKi 
[ } dt~ dp ' dt~ dq 

has the first integral I x : 

(30) h = q 2 p 2 + (a- l)qp + p. 

We see that the relation between the Hamiltonian K\ and the first integral 1\ is explicitly 
given by 

(31) tK x =l x . 

We also show that the Hamiltonian system with 

q 2p2 _|_ ^2 _ ^ a _|_ i^qp + p p 
K2 '-= 1 

has the first integral. 

Proposition 3.3. The system with the Hamiltonian K2 

dq _ 8K 2 dp_ _ dK 2 
[ ' dt~ dp' dt~ dq 

has the first integral l-i- 

(33) J 2 = q 2 p 2 + qp 2 - (a + l)qp + (3p. 

We see that the relation between the Hamiltonian K 2 and the first integral l 2 is explicitly 
given by 

(34) tK 2 = I 2 . 

We remark that for this system we tried to seek its first integrals of polynomial type 
with respect to x,y, z,w,q,p. However, we can not find. Of course, the Hamiltonian H 
is not the first integral. 

Theorem 3.4. The system (j!7p admits extended affine Weyl group symmetry of type 
E>ip as the group of its Backlund transformations, whose generators are explicitly given 
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as follows: with the notation (*) := (x, y, z, w, q,p, t; a , a±, . . . , a 5 ), 
2a 1 



s : 

51 : 

5 2 ■ 

53 ■ 

s 4 : 

s 5 : 
7r : 



— x — 



y y 



— , -y, — z, — iu, -g, -p, — i; —a , a 1 + 2a , ol 2 , a 3 , a 4 , a 5 , 



x, y , -2, w H , g,p, t; a + cti, — a>i, a 2 + «i, a 3 , a> 4 , a 5 , 

X — 2 X — 2 

x, y, 2 H ,w,q, p, t; a , a x + a 2 , —a 2 , a 3 + a 2 , a 4 , a 5 , 

w / 

a 3 q a 3 z 

x, y,z,w -, q,p -, t; a , ai,a 2 + a 3 , -a 3 , a 4 + a 3 , a 5 + a 3 , 

zq — 1 zq — 1 

x,y,z,w,q-\ ,p,t;a ,a 1 ,a 2 ,a 3 + a> 4 , -a 4 ,a> 5 , 

p 

as 

x, y, 2, w, g H -, p, t; a , a ± , a 2 , a 3 + a 5 , a 4 , -a 5 , 

p — t 



-> (x, y, 2, w,q,p — t, —t; a , cci, a 2 , a 3 , a 5 , a 4 ). 

Proposition 3.5. Let us define the following translation operators: 

:— tis 4 s 3 s 2 SiSqS\S 2 s 3 s 4) T 2 :— 7TS^s 4 s 3 s 2 SiSqSiS 2 s 3 , 
T 3 := S3S5T1S5S3, T 4 := s 2 T 3 s 2 , T 5 := SiT 4 s 1 . 

These translation operators act on parameters ctj as follows: 



(35) 



(36) 



Ti(a ,ai, . 


• ,"5) 


=(a ,ai, . 


.,a 5 ) + (0,0,0,0, -1,1), 


T 2 (a , ai, ■ 


• ,"5) 


= («0, Oil, ■ 


.,a 5 ) + (0,0,0, -1,1,1), 


T 3 (a , 011, ■ ■ 


• ,"5) 


= {a , a>i, . 


.,a 5 ) + (0,0, 1,-1,0,0), 


T 4 (a , ai, . . 


• ,"5) 


= (a ,ai, . 


.,a 5 ) + (0, 1,-1,0,0,0), 


T 5 (a , ai, ■ ■ 


• ,"5) 


=(a , ai, . 


.,a 5 ) + (1,-1,0,0,0,0). 



Theorem 3.6. Let us consider a polynomial Hamiltonian system with Hamiltonian 
H e C(i) [x, y, z, w, q, p] . We assume that 

(Bl) deg(H) = 4 with respect to x,y, z,w,q,p. 

(B2) This system becomes again a polynomial Hamiltonian system in each coordinate 
system r\ [i — 0, 1, 2, 4, 5): 

, 2a , 1 

r : x = x -\ h -3, y = y, 2 = 2, w = w, <?o = 9, Po = P, 

1/ JT 

ri : xi = -((x - z)y - a x )y, y 1 = 1/y, zi = 2, u>i = u> + y, gi = g, pi = p, 

r 2 : x 2 = x, y 2 = y, 2 2 = I/2, u> 2 = -(wz + a 2 )z, q 2 = q, p 2 = p, 

r 4 : x 4 = x, y 4 = y, z 4 = z, w 4 = w, q 4 = l/q, p 4 = -(pq + a 4 )q, 

r 5 : x 5 = x, y 5 = y, z 5 = z, w b = w. q b = l/q, p 5 = -((p - t)q + a 5 )q. 
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(B3) In addition to the assumption (B2), the Hamiltonian system in the coordinate 
system (^4,1/4,^4,^4,94,^4) becomes again a polynomial Hamiltonian system in the coor- 
dinate system r 3 : 

r 3 : x 3 = x 4 , 2/3 = 2/4, z 3 = -((24 - <?4)w4 - a 3 )w 4 , w 3 = l/w 4 , q 3 = <?4, £>3 = £>4 + ^4- 

Then such a system coincides with the system ( ITT]) with the polynomial Hamiltonian ffTHl) . 

We note that the conditions (B2) and (-B3) should be read that 

rj (H) (j = 0,1,2,4), r 5 (tf + g), r 3 (r 4 (#)) 

are polynomials with respect to x, y, z, w, q, p or X4, 2/4, Z4, u>4, q 4 , p$. 

Theorems 13.41 and 13.61 can be checked by a direct calculation, respectively. 
Next, we show the confluence process from the system ffTUj) to the system (1171) . 

Theorem 3.7. For the system ( fTUl) of type Djp, we make the change of parameters 
and variables 

(37) 

a = - + 2A , ai = — , a 2 = A h a 3 = A 2 , a 4 = A 3 , a 5 = A 4 , a 6 = A 5 , 

e e 

(38) t = eT, x = eX, y = — , z — eZ, w = — , q — — , p = eP 

e ee 

from ao,oii, . . . ,a>6,x,y, z,w,q,p to A , A\, . . . , A 5 , X, Y, Z, W, Q, P. Then the system 
(TTU|) can also be written in the new variables X, Y, Z,W,Q, P and parameters Aq, A\, . . . , A$ 
as a Hamiltonian system. This new system tends to the system (1171) with the Hamiltonian 
(HHD as E ->• 0. 



Finally, we show the relation between the system (jTTj) and the system of type (see 
P]). 

Theorem 3.8. For the system (JTTj) of type B§, we make the change of parameters 
and variables 

(39) a = A ° Al , cti = At, a 2 = A 2 , a 3 = A 3 , a 4 = A 4 , a 5 = A 5 , 

(40) X = ((x - z)y - ai )y, Y = —1/y, Z = z, W = w + y, Q = q, P = p 

from a ,ai, . . . ,a 5 ,x,y, z,w,q,p to A , A%, . . . , A 5 , X,Y, Z,W,Q, P . Then the system 
(TTU|) can also be written in the new variables X, Y, Z,W,Q, P and parameters A , A±, . . . , A 5 
as a Hamiltonian system. This new system tends to 

(41) ^ X ^ ^ Z ^ W ^ ^ 

dt dy ' dt dx ' dt dw ' dt cfe ' dt dp ' dt dq 
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with the polynomial Hamiltonian 
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x 2 y 2 + xy 2 — (a + ot\)xy — a y z 2 w 2 + (a + ct\ + 2a 2 )zw + z + tw 

H = 1 

t t 

(42) q 2 p 2 — tq 2 p — (1 — a 4 — a 5 )qp — a 4 tq 2(xz — wp) 

+ t + t 

(ot + ai + 2a 2 + 2a 3 + a 4 + a 5 = 1). 

Here, for notational convenience, we have renamed A iy X, Y, Z, W, Q, P to x, y, z, w, q, p 
(which are not the same as the previous a i: x, y, z, w, q,p). 

We recall that this system admits extended affine Weyl group symmetry of type 
(see [15J) as the group of its Backhand transformations whose generators are explicitly 
given as follows: with the notation (*) := (x, y, z, w, q,p, t; a , a,\, . . . , a 5 ), 




(x,y-^-,z, w, q, p, t; -a , a u a 2 + a , a 3 , a 4 , a 5 j 



x,y 



x + 1 



z,w, q,p,t; a 0} a 2 + a x , a 3 , a 4 , a 5 



a 2 w a 2 y 

x H 7-7, V, z H — 7, w,q,p,t; a + a 2 , «i + a 2 , -a 2 ,a 3 + a 2 ,a 4 ,a 5 

yw + 1 yw + 1 

a 3 q a 3 z 

x, y,z,w -, q, p 7, t; a Q , a ly a 2 + a 3 , -a 3 , a 4 + a 3 , a 5 + a 3 



zq — 1 zq — 1 

x,y, z,w,q-\ ,p, t; a , ai, a 2 , a 3 + a 4 , -a 4 , a 5 

p 

x, y, z,w,q-\ -,p, t; a , ai, a 2 , a 3 + a 5 , a 4 , -a 5 

p — t 
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tti : (*) — ► (-£ - 1, -y, -2, -w, -g, -p, -i; «i, « , «2, «3, «4, as), 
7r 2 : (*) -> (x,y,z,w,q,p - t, -t;a ,a 1 ,a 2 ,a 3 ,a 5 ,a 4 ), 



vr 3 : (*) 



— - — , -tg, -iiu, -, -, + 1), -t; a 5 , a 4 , a 3 , a 2 , «i, a ) . 



4. The system of type D 



(2) 



In this section, we present a 4-parameter family of coupled Hamiltonian systems in 
dimension six with extended afflne Weyl group symmetry of type given by 

dx dH x 2 y + z 2 w + a x + a 2 z — p 
dt dy t 

dH -2xy 2 - 2a y - 1 



(43) 



dy = _ 

dt ~ dx 2t 

dz dH z 2 w + yz 2 + (cxq + ot\ + a 2 )z — p 

dt dw t 

dw dH —zw 2 — 2yzw — a 2 y — (a + ot\ + a 2 )w 

dt dz t 

dq dH q 2 p — y — w + (a 4 — l)q 

dt dp t 

dH -2qp 2 - 2(a 4 - l)p + t 



dp 
{ ~dt 



dq 



2t 



with the polynomial Hamiltonian 



x 2 y 2 + 2a xy + x z 2 w 2 + 2(a + a 1 + a 2 )zw 
H = — 1 



2t 



2t 



(44) 



q 2 p 2 + 2(a 4 - l)qp - tq yz(zw + a 2 ) _ (y + w)p 
2t t t 

= H 3 (x, y, t; 2a ) + H 4 (z, w, t; 2(a + a l + a 2 )) 

rr ( + f ^,Vz(zW + a 2 ) {y + w)p 

+ H 5 (q,p,t;2{a 4 - 1)) + - 



Here x, y, z, w, q and p denote unknown complex variables and ceo, &i, ■ ■ ■ ,a 4 are complex 
parameters satisfying the relation: 

(45) a + cti + a 2 + a 3 + a 4 = 1. 

The symbols H 3 , H 4 and H 5 are given by 



(46) 
(47) 
(48) 



H 3 (q,p,t;a) = 
H 4 (q,p,t;a) = 



H 5 (q,p,t;a,P) = 



q 2 p 2 + aqp + q 
2t ' 
q 2 p 2 + aqp 
2t ' 
q 2 p 2 + aqp — tq 



2t 
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Proposition 4.1. The system with the Hamiltonian H 3 

dq = dHs dp = dH 3 
[ ' dt dp ' dt dq 

has the first integral I 3 . 

(50) I3 = q 2 p 2 + aqp + q. 

Proposition 4.2. The system with the Hamiltonian H 4 

dq dH± dp dH± 
dt dp ' dt dq 

has the first integral I4. 

(52) h = qp- 

Proposition 4.3. By the following birational and symplectic transformation tr$: 

(53) tr 5 (q,p) = (tq,p/t), 
the Hamiltonians H 5 satisfy the following relation: 

(54) tr 5 (H 5 ) = . 

By Proposition 14.31 we see that the Hamiltonian system with 

r ^ q 2 p 2 + aqp - q 

K5 := 

2t 

has the first integral. 

Proposition 4.4. The system with the Hamiltonian K 5 

dq = dKs dp _ dK 5 
[ ' dt~ dp' dt~ dq 

has the first integral 1$: 

(56) I5 = q 2 p 2 + aqp — q. 

In this case, each differential system with respect to all principal parts H3, if 4 and H§ 
has its first integral. Nevertheless, the Hamiltonian H is not the first integral. For this 
system we tried to seek its first integrals of polynomial type with respect to x, y, z, w, q,p. 
However, we can not find. 

Theorem 4.5. The system f)43p admits extended affine Weyl group symmetry of type 
(2) 

D\ as the group of its Backlund transformations, whose generators are explicitly given 
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as follows: with the notation (*) := (x, y, z, w, q,p, t; o , a±, . . . , o 4 ), 

2o 1 



s : 



si : 



«2 : 



S3 : 



s 4 : 



7r : 



y y 



— , -y, -z, -w, -q, -p, -t; -a , «i + 2o , a 2 , o 3 , o 4 , 



OL\ OL\ 

y ,z,w-\ , q,p,t;ao + on, a 2 + ai, as, (X4 , 

x — z x — z 

®2 \ 

x, y, z H , w, q, p, t; a , 0:1 + 0:2, — o 2 , o 3 + o 2 , o 4 , 

u> / 

«39 OL 3 Z 

x, y,z,w - — -, q,p- — 7, t; o , «i, o 2 + o 3 , -o 3 , o 4 + o 3 ] , 



x,y,z,w,q + 



zq — 1 — 1 

2o 4 i 



— ,p, — i; o , 01, o 2 , o 3 + 2o 4 , -o 4 , 



p t (zw + a 2 )z x 

-tq, --, — , : , --, -ty, t; o 4 , o 3 , o 2 , o x , o 

t z t t 



(57) 



Proposition 4.6. Let us define the following translation operators: 

:— s 4 s 3 s 2 SiSoSiS 2 s 3 , T 2 :— s 3 7is 3 , 
T 3 := s 2 T 2 s 2 , T 4 := S1T3S1. 
These translation operators act on parameters on as follows: 

Ti(a , o 4 ) =(o , 01, . . . , o 4 ) + (0, 0, 0, -2, 2), 

T 2 (o , 01, . . . , o 4 ) =(o , ai,..., o 4 ) + (0, 0, -2, 2, 0), 
T 3 (o , 01, . . . , o 4 ) =(o , 01, . . . , o 4 ) + (0, -2, 2, 0, 0), 
T 4 (o , o 4 ) =(o , ai,..., o 4 ) + (-2, 2, 0, 0, 0). 



(58) 



Theorem 4.7. Let us consider a polynomial Hamiltonian system with Hamiltonian 
H G C(t)[x,y, z,w,q,p\. We assume that 

(CI) deg(H) = 4 with respect to x,y, z,w,q,p. 

(C2) This system becomes again a polynomial Hamiltonian system in each coordinate 
system r\ (i — 0, 1, 2, 4): 

2o 1 

r Q :x Q = xA h — , y = 2/, ^0 = 2, w = w, g = 9, Po = P, 

y y 

r 1 :x l = -((x - z)y - a x )y, y x = 1/y, z x = z, w 1 = w + y, q 1 = q, Pl = p, 

r 2 : x 2 = x, y 2 = y, z 2 = l/z, w 2 = -(wz + a 2 )z, q 2 = q, p 2 = p, 

2o 4 t 

r A :x 4 = x, y A = y, z A = z, w A = w. g 4 = g H Pi= P- 

p p A 

(C3) In addition to the assumption (C2), the Hamiltonian system in the coordinate 
system (x 2 ,y 2 , z 2 ,w 2 ,q 2 ,p 2 ) becomes again a polynomial Hamiltonian system in the coor- 
dinate system r 3 : 



r 3 :x 3 = x 2 , y 3 = y 2 , z 3 = -((z 2 - q 2 )w 2 - a 3 )w 2 , w 3 = l/w 2 , q 3 = q 2 , p 3 = p 2 + w 2 . 
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Then such a system coincides with the system ( 143)) with the polynomial Hamiltonian (j4 

We note that the conditions (C2) and (C3) should be read that 

rj (H) (j = 0,1,2), n(H+l/p), r 3 (r 2 (H)) 

are polynomials with respect to x, y, z, w, q,p or x 2 , y2, z 2 , w 2 , q 2 ,p 2 . 

Theorems 14.51 and 14.71 can be checked by a direct calculation, respectively. 
Next, we show the confluence process from the system ( jTOl) to the system (1431) . 

Theorem 4.8. For the system ffTUj) of type we make the change of parameters 

and variables 

(59) 

1 1 A x A 2 A 3 1 1 

a = h A , ai = -, a 2 = — , a 3 = — , «4 = — , a 5 = -, a 6 = hAi, 

e e 2 2 2 e e 



(60) ( = £t, x=fx, y = ™, ,= £Z, „ = ^, P =|P 
16 4 e 4 £ e 8 

from ao, ai, . . . , a&, x, y, z, w, q,p to A , Ai, . . . , A4, X, Y, Z, W, Q, P. Then the system 

( jTOl) can also be written in the new variables X, Y, Z,W,Q, P and parameters Aq, A\, . . . , A4 

as a Hamiltonian system. This new system tends to the system (1431) with the Hamiltonian 

(HU) as e -> 0. 



Finally, we find an algebraic solution of the system (T43 



(61) 



(oo) oci, • • • > a i) = ( a o, Oil, 1 — 2«o — 2«i, «i, ckq) , 

(x, y, z, w, q,p) = (- r i±-^EM + 2(1 + y/=T)y/t), - 1 ~^~ T , v 7 ^, 
v / ^T(2a + 2«i - 1) (1 + v^T) +4 v /r Tt3 A ^ 



2^ ' 4t! 

References 



ti). 



[1] P. Painleve, Memoire sur les equations differentielles dont I'integrale generate est uniforme, Bull. 

Societe Mathematique de France. 28 (1900), 201-261. 
[2] P. Painleve, Sur les equations differentielles du second ordre et d'ordre superieur dont I'integrale est 

uniforme, Acta Math. 25 (1902), 1-85. 
[3] B. Gambier, Sur les equations differentielles du second ordre et du premier degre dont I'integrale 

generate est a points critiques fixes, Acta Math. 33 (1910), 1-55. 
[4] C. M. Cosgrove and G. Scoufis, Painleve classification of a class of differential equations of the second 

order and second degree, Studies in Applied Mathematics. 88 (1993), 25-87. 
[5] C. M. Cosgrove, All binomial-type Painleve equations of the second order and degree three or higher, 

Studies in Applied Mathematics. 90 (1993), 119-187. 
[6] F. Bureau, Integration of some nonlinear systems of ordinary differential equations, Annali di Matem- 

atica. 94 (1972), 345-359. 



16 



YUSUKE SASANO 



[7] J. Chazy, Sur les equations differentielles dont I'integrale generate est uniforme et admet des singu- 

larites essentielles mobiles, Comptes Rendus de l'Academie des Sciences, Paris. 149 (1909), 563-565. 
[8] J. Chazy, Sur les equations differentielles dont I'integrale generate possede une coupure essentielle 

mobile , Comptes Rendus de l'Academie des Sciences, Paris. 150 (1910), 456-458. 
[9] J. Chazy, Sur les equations differentielles du trousieme ordre et d'ordre superieur dont I'integrale a 

ses points critiques fixes, Acta Math. 34 (1911), 317-385. 
[10] Y. Sasano, Coupled Painleve VI systems in dimension four with affine Weyl group symmetry of types 

Bq X \ -Dg 1 ^ and preprint. 
[11] Y. Sasano, Four- dimensional Painleve systems of types and preprint. 
[12] Y. Sasano, Higher order Painleve equations of type RIMS Kokyuroku 1473 (2006), 143-163. 

[13] Y. Sasano, Symmetries in the system of type preprint. 

[14] Y. Sasano, Coupled Painleve III systems with affine Weyl group symmetry of types B±~\ and 

(2) 

D 5 , preprint. 

[15] Y. Sasano, Coupled Painleve III systems with affine Weyl group symmetry of types Dcp and 

preprint. 

[16] Y. Sasano, Coupled Painleve VI systems in dimension four with affine Weyl group symmetry of type 

D { q \ II, RIMS Kokyuroku Bcssatsu. B5 (2008), 137-152. 
[17] T. Tsuda, K Okamoto and H. Sakai, Folding transformations of the Painleve equations, Math. Ann. 

331 (2005), 713-738. 



